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Abstract

Planningcontrol commandsof the steeringangleand
velocityfor autonomousparkingmaneuvers is addressed.
Our approach makesuseof conformitybetweenthe con-
trol commandsand resultingshapeof thepath. Thepath
shaperequired for a parking maneuveris evaluatedfrom
theenvironmentalmodel.Thecorrespondingcontrol com-
mandsare selectedand parameterizedto provide motion
within the availablespace. Thecommandsare executed
by the car servo-systemswhich drive the vehicleinto the
parkingplace. Theapproach is implementedandtestedon
a CyCabautomatedvehicle. Theresultson a perpendicu-
lar parkingmaneuverare described,and theexperiments
illustratedbyvideo.

1 Introduction

Steeringa car in a constrainedenvironmentsuchasa
parkinglot requiresmuchattentionanddrivingexperience.
An assistancesystemfor parallel parking was proposed
in [1, 2, 3]. This systemlocalizesa suitableplacealong
aroadside,drivesthevehicleto aconvenientstartposition
andorientationbesidetheparkingplace,monitorstheen-
vironmentandperformsiterative sensor-basedmotionsin
order to move into the place. The presentpaperextends
our previous work and focuseson obtainingthe steering
andvelocity commandsto attainthe desiredpositionand
orientationof thevehiclerelative to its environment.

The kinematicmodel of a car with front-wheelsteer-
ing (non-holonomicsystem)is describedby thefollowing
equation: �

X ��� �����
	����	����������� ���� ���  (1)

where
�� � � �"! �$# ,

� �&%(' �)*��$+ � , ' and

)
are the

Cartesiancoordinatesof the midpoint of the rear wheel
axle,

�
is the orientationangleof the vehicle, � denotes

the velocity of the midpoint of the rearwheelaxle,

�
is

thesteeringangle,and
�

is thewheelbase[4]. Thesteer-
ing angle

� %,# + andvelocity �-%,# + arethecontrolcommands
which drive thevehiclealonga path

� %(# + . Thevelocityat
therearwheelaxleis: �.�/�10 ���$	2� , where�10 denotesthe
velocityof themidpointof thefront axle.

The model (1) is valid for a vehicle moving on flat
groundwith a pure rolling contactwithout slippagebe-
tweenthe wheelsandthe ground. This purely kinematic
modelis adequateto describelow-speedmotion.Thecon-
straintsof velocityandaccelerationaretakeninto account,
in order to ensurethat the plannedmotion is feasiblefor
theservo-systemsof thevehicle.

Theconformitybetweenthecontrolcommandsandre-
sultingpathis expressedasa function� �435% �6 � +� (2)

that allows us to compile a referencetable where each
genericpathshapeis associatedwith genericcontrolpro-
files. For a given maneuver, the numberof path shapes
andcorrespondingcontrolprofilesis limited, e.g. a paral-
lel parkingmaneuvercanbecomposedof S-shapedpaths.
The genericcontrol profilesarespecifiedby suchparam-
etersasmagnitudeanddurationwhich arecomputedac-
cording to the actualsituationin the environmentto en-
surecollision-freemotion within the availablespace.In-
steadof computinga feasiblepath

�
leadingthe vehicle

to thedesiredlocation,the feasiblecontrols % �7 � + which
approximatelycorrespondto sucha pathareselectedand
parameterizedto drive the vehicleto the desiredposition
andorientation.

The advantagesof this approachare: similarity to the
actionsof a humandriver; capabilityto assistthedriver in
performingmaneuvers;absenceof a comprehensive path
planner; and respectingthe dynamic constraintsof the
steeringandvelocity servo-systems.Theapproachcanbe
integratedasanoptioninto existingsystems.

This paperis organizedasfollows. The relatedworks
arediscussedin section2. Our approachto planningcon-
trol commandsis presentedin section3. Theimplementa-
tion andexperimentalresultson autonomousparkingma-
neuversare describedin section4. The conclusionsare
givenin section5.

2 Related Works

A parkingmaneuverrepresentsa particularcasewithin
a generalproblemof stabilizationof a non-holonomicve-
hicle to a desiredposition [5], or within a problem of
pathtracking [6]. By Brockett’s necessarystability con-
ditions [7], the non-holonomicsystemis open-loopcon-



trollable, but it cannotbe stabilizedto a point by means
of smoothtime-invariantstatefeedback.Variousfeedback
laws wereproposed:time-varying[8], piece-wisecontin-
uous[9] anddiscontinuous[10]. Planninga feasiblepath
andits trackingwasconsideredin [4, 11, 12]. Steeringthe
vehicleby meansof sinusoidalfunctionswasusedin [13].

A combinationof alinearfeedbackandnon-linearfeed-
forward control with artificial neuralnetwork technology
wasstudiedin [14]. Theauthorsproposeda controlarchi-
tecturewherethemotionplanningwasperformedoff-line.
The feasibleparkingtrajectoriesarestoredin a computer
asparkingprograms.The necessaryprogramis selected
accordingto thesituationby meansof on-lineapproxima-
tion of theprecomputedprograms.

Thesmoothfunctionsconstructedfrom sinusoidswere
proposedin [1, 2] to providethesteeringandvelocitycom-
mandsfor a parallelparkingmaneuver. Thesecommands
areexecutedby thesteeringandvelocityservo-systemsof
the vehicle. The approachwas testedon an electric car,
andtheresultsareshown on video[3].

An optimal control law derived from the Pontryagin’s
principlewasstudiedin [15]. Theshortestparkingtrajec-
tory consistingof two consecutive circular arcswas ob-
tained. A collision-free parallel parking maneuver was
evaluatedwith a ’bang-bang’steeringcommandwithin a
spaceof minimal length. The collision avoidancecondi-
tion wasderived from the geometryof the motion. The
vehicledynamicsandtire slippageon thegroundwerene-
glecteddueto thelow speed.

The fuzzy rules for parallel parking of a model car
equippedwith sensorsanda microprocessorwerederived
in [16]. An approachto acquiretheskills of ahumandriver
by meansof anartificial neuralnetwork andits furtheruse
in afuzzy-hybridcontrolarchitecturewasproposedin [17]
wherethecontrolleroperateswith avideodata.Theexper-
imentshaveshown thatthevelocity canvary substantially
during a human-drivenparkingmaneuver, i.e. it is easier
for a driver to follow a consistentsteeringstrategy thanto
keepat aconstantspeed[17].

An extensionof sensor-basednavigation for a paral-
lel parkingmaneuver wasproposedin [18] wherea nav-
igation systemGANESHA and its implementationon a
Navlab vehicleweredescribed.A combinationof a neu-
ral network andprocessingof visual informationwasdis-
cussedin [19]. Trainingexperimentswereperformedwith
3D parkingprofilesextractedfrom a sequenceof images.
When a vacantparking placewas detected,the learning
wasperformedduringtheparkingmaneuver.

Variousassistingdevices for parking a car have been
developed,andthecapabilityof autonomousparallelpark-
ing wasfirst reportedfor aVolkswagenFuturaexperimen-
tal vehicle[20]. A device mountedon thecar to help the
driver perform a parallel parking or perpendicularpark-
ing is describedin [21]. This device comprisessensorsto
measurethedistancethata carmovesandmonitorobsta-
clesaroundthe car, aswell asa microcomputerthat can

generatevarioussignals(in accordancewith the driver’s
instructionsand the datareceived from the sensors)and
inform thedriver how to drive thecar(forward,stop,turn
left or right, or reverse). The microcomputermay gen-
eratean outputsignal to control the steeringmechanism,
thetransmission,theaccelerator, andthebrakesystemfor
backingthecarinto a parkingspaceautomatically.

While autonomousparallel parking is addressedin
many publications,autonomousperpendicularparking(or
parkingin a garage)hasreceived lessattention. Our ap-
proachextendsour parallelparkingalgorithm[1, 2, 3] to
perpendicularparking.

3 Planning Control Commands

This sectiondescribesthegenericprofilesof thesteer-
ing andvelocitycommandsfor parkingmaneuvers.While
parallelparkingcanbeperformedwith a symmetricsteer-
ing command,anasymmetricsteeringprofile providesar-
bitrary desiredorientation.For example,a setof steering
andvelocity commandsis shown in Fig. 1, andtheresult-
ing pathsare depictedin Fig. 2 wherethe vehicle starts
from the origin of the coordinatesystem. The symmet-
ric steeringcommandin Fig. 1a (bold line) resultsin the
parallelparkingmaneuversin Fig. 2 for the forward and
backwardmotion;seethevelocityprofilesin Fig. 1b. Per-
pendicularparkingcanbeachievedby meansof anasym-
metricsteeringcommand.
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Figure 1: An exampleof the steeringand velocitycom-
mands:a – steeringangle, b – velocity

From driving experienceit is known, that before the
parking maneuver starts, the vehicle’s position and ori-
entationmust be adjustedto the location of the parking
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Figure 2: A setof resultingpaths

place. A setup for perpendicularparking is shown in
Fig. 3, wherethedistances: 0 , :<; , :<= , � 0 , �$> and � = are
computedfrom thesensorreadingsabouttheenvironment.
In this scenario,thevehicleis almostpeprendicularto the
parkingplace,andthestartpositionrelative to theplaceis
specifiedby the distance: 0?� :A@0 , wherethe adequate
distance:A@0 is evaluatedaccordingto the experimentally
obtainedfunction :B@0 %C�$>  � = + .

traffic lane
Df

Ds

parking
lane

dw

Dw

df dv

φv

parking
place

Figure 3: Startlocationfor perpendicularparking

The perpendicularparkingmaneuver involvesthe fol-
lowing steps:

1. Forward motion asideand away from the parking
placein orderto reorientthe vehicle(this placesthe
vehicleacrossthetraffic lane).

2. Backward motion toward the parkingplacein order
to further reorientthe vehicle(i.e. aligning with the
parkingplaceandenteringtheplace).

3. Additional iterative motionsareperformedforwards
andbackwardsasnecessaryin orderto obtainthere-
quiredorientationfor moving into theparkingplace.

4. Straightmotionbackwardscompletestheperpendic-
ular parkingmaneuver.

The genericvelocity command�*%(# + is similar for per-
pendicularandparallelparkingmeneuvers:

�*%(# + �EDF G �IHKJ$>7L�>�%(# +�NMPO #5QSRT> �IHKJ$>  RT> O #5QUR*HWVXRT> � H J >7YZ> %(# +� R H VKR > O # O R H  (3)

where�IH\[ M is themaximaladmissiblevelocity, RT>][ M
denotesthe durationneededto acceleratethe vehicle to
a velocity � H , a coefficient J > �_^a` specifiesthe direc-
tion – forwards(+1) or backwards(–1), R H denotesthe
estimateddurationof motionduringonestep,andL�>�%(# + � `b � `cV �d�$	fe #R > �  (4)

YZ> %(# + � `b � `cV ���$	�e %,R H VX# +RT> �?g (5)

Thecommand(3) is appliedduringeachstepof thepark-
ing maneuver, seethe examplein Fig. 1b. For eachpair
of successive motions %,h  hjik` + , the coefficient J1> in (3)
mustsatisfy the equation J1>ml npo7qK�rV�J1>ml n that alternates
betweenforwardandbackwarddirections.

Step 1. Thegenericsteeringcommand

� %(# + is� %,# + � DssF ssG
� H J$tuL q %(# +�NM_O #vQSRwt � H J$t  Rwt O #XQSR�x � H J$t Yyq %(# +� R x O #vQSR x x V � H J$t  R�x x O # O R H  (6)

where

� Hz[ M is the maximaladmissiblesteeringangle,J t �_^a` is acoefficientthatspecifiesthesideof thepark-
ing placerelative to thedirectionof thevehicle(–1 for the
right side and+1 for the left side), RwtP[ M denotesthe
durationneededto turn thesteeringwheelsfrom astraight
directionto

� H , R�xj�{JI|
R H V}RTt , R�x xj�~J1|
R H i�Rwt ,M Q�J1|�QP` is a variablecoefficient,andLZq�%,# + � `b � `cV �d�$	 e #R t �  (7)

Y q�%,# + � �d�$	fe %,#7VKR�x +b Rwt g (8)

The valuesof

� H , J$t , JI| , � H and R H are computed
accordingto sensorinformationabouttheenvironmentand
theestimatedpositionof thevehicle. Thedurationof the
motion RTH mustsatisfythecondition R*H�[�R @H , whereR @H �W� �I�]� R t`cV�J1|  b R tJ1|  b RT>2� g (9)

Step 2. Thegenericsteeringcommand

� %(# + is� %(# + � DssF ssG
V � HXJ t NM_O #vQSR�x V � HXJ t L��1%,# +� R�x O #vQSR�x x � HXJ t  R�x x O #5QNR*HWVXR t � HXJ t Y �
%(# +� RTH/VXR t O # O RTH  (10)



where L � %,# + � �d�$	fe %,#jVXR x +b R t  (11)

Y �$%(# + � `b � `cV �d�$	fe %,RTHWVK# +Rwt �?g (12)

Step 3. Thegenericsteeringcommand

� %(# + is
� %,# + � DssssF ssssG

V � HKJ t L��$%(# +� M4O #5QSR t V � HKJ t  R t O #XQSR�x V � HKJ t Y �$%(# +� R�x O #vQNR�x x � HKJ t  R x x O #XQSRTH/VXR t � HKJ t�� �$%,# +� RTH/VKR t O # O RTH  (13)

where L��1%,# + � `b � `cV ���
	 e #R t �  (14)

Y �1%,# + � �d�$	fe %,#jVXR�x +b Rwt  (15)

� � %,# + � `b � `cV ���
	fe %(R H VX# +R t �?g (16)

The genericprofilesof the steeringangleandvelocity
areparameterized,i.e. a searchfor valuesof

� H , J | , �IH
and RTH is performedat eachstepby meansof evaluating
themodel(1) while takinginto accountthegeometriccon-
straintsof theenvironmentandtheactualpositionandori-
entationof thevehicle.Thesearchresultsin suchvaluesof� H , J | , �IH and RTH whichprovidethedesiredpositionand
orientation,while the maximal possible

� H and � H still
ensurethatthevehiclemoveswithin theavailablespace.

The commands

� %(# + and �-%,# + are open-loop in the%,' 2)-��
+ -coordinates.They areexecutedby the steering
andvelocity servo-systemsuntil the parked positionand
orientationareattained.Theresultingaccuracy of themo-
tion dependson theaccuracy of theseservo-systems.Pos-
sibleerrorsarecompensatedby subsequentmotions.

4 Experiments

ThemethoddevelopedhasbeentestedonaCyCabelec-
tric vehicle[22] shown in Fig. 4. The dimensionsof the
vehicleare: 1.90 � (length),1.20 � (width) and1.65 �
(height). The weight of the CyCabis 350 J
� , its maxi-
mal velocity is 25 J � !1� , andthemaximalloadis 250 J
�
(two peopleand luggage). The motion autonomyis two
hours(provided by four lead sealbatteries). The SICK
laserscanneris mountedonthefront partof thevehicle,as
seenin Fig. 4. TheCyCabvehiclecaneitherbemanually
drivenby a joystick,or it canmoveautonomously. Its on-
boardcontrollerwith aMotorola555processorrunsunder
Linux. Themethodwasimplementedin C++ language.

Our experimentalsetupin a parkinglot environmentis
shown in Fig.5. Theparkingmaneuveris performedwhile
monitoring the environmentandavoiding collisionswith
obstacles,e.g.a pedestrianin theway of thevehicle. The

Figure 4: A CyCabvehicle

CyCabmovesalongthe traffic laneuntil it attainsa suit-
ablestartinglocationbesidetheparkingplace(theplaceis
betweentwo otherCyCabvehiclesshown in Fig.5). Then,
thecontrolcommands

� %(# + and �*%(# + areplannedandexe-
cutedto performaperpendicularparkingmaneuver.

Figure 5: Environmentalsetupfor perpendicularparking

An example of the control commandsis shown in
Fig. 6, andthecorrespondingmotionof thevehicleis de-
picted in Fig. 7 wherethe displacementof the vehicle’s
cornersis shown by dottedlines. Thewidth of the traffic
laneis sufficient for thevehicleto attaintheorientationof
45 � relative to the traffic lanein the first stepof the ma-
neuver. In the secondstepthe vehiclereachesa position
andorientationsuitablefor moving into theparkingplace,
i.e. thethird stepin this caseis not necessary.

The motion accuracy dependson the accuracy of the
servo-systemswhich executethe plannedcommands,as
shown in Fig. 6. Thetrackingerrorsof theservo-systems
resultin adiscrepancy betweentheplannedandactualmo-
tion,asseenin Fig.7. At theendof eachstep,theresulting
errorof positionandorientationis estimatedfrom thesen-
sorinformation,andthesubsequentcontrolcommandsare
plannedaccordingto theactualpositionandorientationof
thevehicle.
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Figure 6: An exampleof the steeringand velocitycom-
mands(solidline) andtheir executionbytheservo-systems
(dashedline): a – steeringangle, b – velocity
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Figure 7: An example of a perpendicular parking
maneuver: estimatedpath (solid line) and actual path
(dashedline)

Perpendicularparkingin thecaseof a lateralconstraint
(e.g.in a narrow street)is shown in Fig. 8 andFig. 9. The
searchfor valuesof

� H , J | , �IH and RTH takesinto account
the actualgeometricconstraintsof the environment. The
displacementof thecar frameis simulatedin orderto en-
surethat thesubsequentmotionis performedwithout col-
lisions. Comparingthis with Fig. 6 andFig. 7, the lateral
constraintresultsin theadditionaliterations(thethird step
is neededfor the vehicle to attain the properorientation
andpositionfor moving into theparkingplace).
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Figure 8: Steeringandvelocitycommands(solid line) and
their executionby the servo-systems(dashedline) in the
caseof lateral constraint: a – steeringangle, b – velocity
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Figure 9: An exampleof a perpendicularparkingmaneu-
ver in thecaseof lateral constraint: estimatedpath(solid
line) andactualpath(dashedline)

5 Conclusion

Theapproachto autonomouslyperformlow-speedma-
neuversin aconstrainedtraffic environmentwaspresented.
Theapproachwasdescribedusinganexampleof perpen-
dicularparking(or garageparking)maneuver. Themethod
wasimplementedon a CyCabautomatedvehicle,andthe
experimentalresultsobtainedwere discussed.They are
also illustratedon a video which may be downloadedat
http://celultra.riken.go.jp/� paromt/dev.html.
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